The paper focuses on the fundamental aspects of the fluid mechanics of unconstrained gas-liquid plumes relevant to Ladle Metallurgy Practice. A mathematical model previously proposed by the authors is justified by comparison with Eulerian-Lagrangian models. Further, a unified analytical framework is proposed to describe the fluid dynamic and similarity characteristics of two-phase plumes. Despite the apparent complexity of the system, the analysis demonstrates that the plume cross-sectional area, void fraction and gas and liquid velocities can be quantified in terms of two parameters: a dimensionless gas flow rate and the normalized axial height. The analysis clarifies the proper form of the Froude number similarity which is important for process design and scale-up.
Introduction
The role of gas stirring in Ladle Metallurgy is well appreciated. During ladle processing, the steel melt is usually stirred by purging an inert gas like Argon through porous plug(s) fitted in the bottom of the ladle or a lance inserted deep into the melt. The gas purging serves several purposes such as homogenizing the melt, flotation of inclusions, enhancing the rates of refining reactions and the dissolution of alloying elements. The main driver for these processes is the flow created in the ladle by the two-phase "plume" of gas bubbles and liquid rising above the injection point. The upwelling gas-liquid plume breaks the bath surface and the vertical momentum of the plume creates a raised region of liquid on the surface, termed the "spout". These are schematically shown in Fig. 1 . The two-phase plume is generally sub-divided into three distinct regions 1, 2) : primary bubble, transition and free bubble (buoyancy) regimes, respectively. Of these, the buoyancy region, characterized by dispersed spherical cap bubbles, occupies most of the bath depth. This region is the subject of the present analysis.
Fluid Dynamic Characterization of Two-phase Plumes

Background and Objectives
The study of fluid dynamics of gas-liquid plumes has been the subject of many articles in the literature, as summarized in reviews by Mazumdar and Guthrie 2) and Mazumdar and Evans.
3) A great deal of this work was devoted to mathematical description of gas-liquid interactions, viz., void fraction, plume spread, liquid and gas velocities, expressed as functions of the operational variables.
In a recent work on the topic, 4) the present authors derived a set of model equations for the major plume parameters. They are given, for the average void fraction, plume radius, liquid and gas velocities, respectively, as: where the overbar indicates that the quantities are averaged over the cross section of the plume. The above results were derived from measurements of the spout height as a function of gas flow rate and bath height. This may appear to be an unusual starting point, but it was shown that the spout height is a result of force balances in the plume. Other force balances and experimental observations were used to derive the above four equations. The objective of the present work is to show that the analysis is consistent with well-accepted mathematical descriptions of two-phase plumes, viz. the Eulerian-Lagrangian or bubble tracking models that have been previously reviewed.
2) It will also be shown that the . .
above equations properly capture available experimental data. An additional outcome of the work is that this analysis is linked with dimensional analysis to provide a unified framework for gas-liquid plumes relevant to Ladle Metallurgy practice.
Dimensionless Representation of Two-phase Plumes
The analysis starts by considering all the possible variables which can be broadly categorized as geometric factors (ladle diameter, height, and porous plug/lance location), physical properties (densities and viscosities) and external factors (gas flow rate and gravity). Some of these variables can be eliminated from the analysis, as discussed below.
The diameter of the ladle has been shown in a survey of previous work 5, 6) to be large enough to not affect plume dynamics. Furthermore, the plug is usually located far enough from the wall, so as not to interact with it, so the plume is free-rising. 7, 8) It has been shown elsewhere that ladle flows are typically Froude dominated and viscous effects have only a secondary effect on the plume and bulk flows, 9, 10) so the viscosity can be neglected. The gas and liquid densities drop out of the analysis, as explained in Appendix A. Interfacial tension is not considered because bubbles in water models as well as liquid metal systems are generally in the spherical-cap regime in which shape and velocity are determined by drag and buoyancy. Figure 2 shows schematically that the remaining independent variables: gas flow rate Q, metal height H, vertical position z and gravitational acceleration g influence the dependent plume variables: crosssectional area, A p , void fraction, ā, and liquid and gas velocities, Ū l and Ū g . The overbar indicates that these quantities are averaged over the plume cross sectional area.
It is now convenient to introduce two dimensionless quantities that contain only the independent variables: The major plume parameters depend on the independent variables, and must also depend on the dimensionless independent variables Q* and z*. 
Mathematical Analysis
The present model (Eqs. (1) to (4)) is essentially a onedimensional model in which the variables change over the height of the bath, but are averaged over the cross-section of the plume. The conventional Eulerian-Lagrangian models are usually solved in 2 or 3 dimensions with computational fluid dynamic codes. In this section, the conventional two-phase flow model equations will be examined to determine how the dependent variables depend on other variables. The aim is not to solve the equations, but to compare them with the dependencies in Eqs. (1) to (4) . It will be shown that the two types of models have consistent dependencies.
The general assumptions involved in the analysis are: (1) The system is isothermal and isobaric. (2) No mass transfer takes place in the system. (3) The inlet gas momentum is negligible because the gas flow rates in Ladle Metallurgy are low. This situation has several important implications: (i) The penetration distance of the gas jet (conventionally taken as the distance over which momentum is dissipated and where the centerline void fraction drops to 50 %) is very small. 2, 11, 12) Beyond this point the gas breaks up into bubbles in what is known as the buoyancy regime which occupies the rest of the plume under consideration.
(ii) The momentum of the gas in the plume in the buoyancy regime is negligible compared to the liquid in the plume. Appendix A demonstrates this.
(iii) The type of gas injector (single tuyeres, porous plugs, permeable elements with directed porosity or other configurations) has little effect on the flow pattern in the buoyancy regime. In the previous work 4) the present authors could find no effect of injector type on plume dynamics.
Continuity Equation for the Gas Phase
From the continuity of gas phase in the plume, the gas flow rate at any axial cross-section of the plume is: Appendix A shows that a differential momentum balance
at any axial cross-section of the rising gas-liquid plume leads to:
. In an unconfined gas-liquid plume, the bubbles rise and spread laterally due to the liquid flow field and the motion of the bubbles through it. The radius of the plume is defined as the maximum extent of lateral migration of the bubbles. This aspect is well modeled with the Eulerian-Lagrangian models. The equations for liquid flow are solved in a fixed, Eulerian frame of reference while the bubbles are tracked in a Lagrangian reference. The equations of motion of an individual bubble in a Lagrangian frame of reference are presented in Appendix B, and manipulated into dimensionless form. The functional relationships for bubble vertical and horizontal velocity are examined in the following.
The Therefore, the vertical bubble velocity at any height is primarily related to the vertical liquid velocity and the axial distance. The plume cross-section is made up of many similar bubbles in a spatial velocity distribution; thus, the average gas velocity in the plume can be functionally related to the average liquid velocity and the axial height, in the dimensionless form: The overall gas distribution is the result of the paths taken by the many bubbles that make up the plume; thus, the plume quantities should depend on the same variables as in Eq. (24) . Therefore, the area of the plume is directly related to r*. Making this substitution and following the arguments of the previous case, the cross-sectional area of the plume can be cast in terms of the average gas and liquid velocities as:
Unified Framework for Plume Dynamics and Similarity
The relationships obtained in the previous sections, viz., Eqs. (12), (17), (20) and (26) Inspection of these equations reveals that there are 6 parameters linked through 4 distinct functional relationships. Mathematically, the system has 2 degrees of freedom which means that any subgroup of 4 quantities can be prescribed This system of equations shows that all plume quantities simply depend on the non-dimensional gas flow rate and the dimensionless bath height. The above system of equations is consistent with system of equations developed in the previous work, Eqs. (1) to (4) . These latter equations, after necessary manipulations, can be rearranged into dimensionless form:
. It must be noted that in the above equations, the gas flow rates must be evaluated at the mid-bath pressure and ladle temperature.
Froude Similarity in Terms of the Non-dimensional Gas Flow Rate
In the analysis of liquid momentum in the previous section, it was shown that the proper form of the plume Froude number [Eq. (16) ], is based on the ladle height and the liquid velocity. This quantity is now related to other plume parameters.
The momentum of liquid in the plume is caused by the buoyancy of gas, which is related to the rate of gas injection. Thus, the plume Froude number is related to the nondimensional gas flow rate and the geometry of the plume; the relationship is developed in Appendix C: Thus, this relationship is really just a supplemental relationship to those in Eq. (28) because of the equivalency of Q* and Fr P similarity.
Verification against Experimental Data
The previous section demonstrated Eqs. (29)- (32) to be fundamentally sound. In this section they will be compared with experimental data from the literature. Some of the results are shown in Figs. 3 to 5 , where ā, R p * and Ū l *, respectively, are plotted against the non-dimensional gas flow rate, Q*. These data are representative of a wide range of experimental conditions which include different gas-liquid systems and injectors of different sizes and types. It is clear from these figures that the ability of the models to predict the plume parameters in different gas-liquid systems is reasonably good. . ( *) ( *)
. . ; B, iron/argon 13) ; C, mercury/air 14) ; D, wood's metal/nitrogen 15) ; E, water/air 11) ; F, water/air 12) ; G, water/air 16) ; H, water/air 17) ; I, water/air 18) ; J, water/air. ; B, iron/argon 13) ; C, wood's metal/nitrogen 15) ; D, wood's metal/helium 19, 20) ; E, water/air 11) ; F, water/air 12) ; G, water/air 17) ; H, water/air. ; C, wood's metal/helium 19, 20) ; D, water/air 22) ; E, water/air 23) ; F, steel/argon. 24) 4. Discussion
Proper Form of the Froude Number
The issues of dynamic similarity and gas flow rate scaling between the prototype and model systems have been the topic of some articles in the literature, as reviewed recently.
3) Ladle flows are known to be Froude dominated 9, 10) ; thus any analysis on flow similarity and scaling must be based on the appropriate Froude number. In the literature, the Froude similarity has been associated mostly with the modified Froude number, usually defined as The modified Froude number represents the ratio of the injected gas momentum to buoyancy. This parameter has been widely used to correlate plume properties such as the void fraction and plume radius 11, 12, 14, 16, 25, 26) such that these quantities appear to exhibit a rather strong dependence on the inner diameter of the gas injection device. A closer examination revealed that they do not depend on the injector size, 4) as is also evident from Figs. 3 and 4. It has also been used in many studies as a similarity criterion for scaling gas flow rates between the prototype and the model. [27] [28] [29] But, the modified Froude number is not the appropriate non-dimensional parameter for use in Ladle Metallurgy situations due to:
(1) The injected gas enters the liquid bath with negligible momentum, as explained in Sec. This means that if the nozzle diameter is changed, the flow rate must be changed significantly to maintain similarity. This is contrary to the statistical analysis of available data that the nozzle diameter or type had little effect on the plume parameters. 4, 6) (2) In industrial ladles that use porous plugs for gas injection, the nozzle diameter is difficult to define because the small bubbles formed at each pore may coalesce into larger bubbles before release from the plug surface. 30) The only aspect that has any relevance to the modified Froude number is the jet penetration depth, which is the distance from the injection point that the centerline void fraction drops to 0.5. This distance is typically short. 2, 12, 31) At this distance, the gas momentum has been dissipated, 31) so that buoyancy causes the bubbles to rise freely; thus the modified Froude number ceases to be significant.
It is clear that the modified Froude number does not reflect Froude similarity for free-rising plumes in Ladle metallurgy. Thus, there is no fundamental justification for using this group for correlating the properties of unconfined gas-liquid plumes. In contrast, the plume Froude number [Eq. (16) ] or the related dimensionless flow rate, Q*, represents the proper Froude similarity in gas-stirred systems because it balances the momentum of the plume (liquid momentum) with the buoyancy.
Implications for Similarity and Scaling
The system of Eqs. (28a)-(28d) and (29) to (32) show that the major plume parameters are functions of Q* and z*. The plume Froude number arose from the force balance in the plume (Appendix A), so it defines dynamic similarity. Section 3.1 showed that Q* similarity ensures the plume Froude number similarity. Maintaining a constant linear scale factor, l, between the systems is the criterion of geometric similarity. If the plume Froude number between two systems are equal, then, from the definition of Q* [Eq. (5)], it follows that the gas flow rate between the systems must be scaled by l 2.5 . The scaling of the other variables follows directly. If the gas flow rate between the prototype and the model systems is scaled by l 2.5 , from Eqs. (28a) or (29), then the void fractions at corresponding locations in the plume will be identical. Further, the ratio of the plume radius between the two systems will be l, as deduced from Eqs. (28b) or (30) . Equations (28c), (28d), (31) and (32) show that the dimensionless liquid and gas velocities in the plume will be identical in the prototype and the model; thus, the (dimensional) liquid and gas velocities inside the plume region will be scaled by l 1/2 . This is a characteristic of Froude similarity. The gas and liquid densities play no role in the scaling. Figures 3 to 5 show that data from a wide range of gas and liquid densities fall on the same curves. The fundamental reason is given in Appendix A; the gas and liquid densities drop out of the transport equations. (For high velocity injection, the momentum of the gas is significant, so the gasto-liquid density ratio is important (modified Froude number similarity).) The viscosity of the liquid is also not important for scaling for inviscid liquids like liquid metals and water, as discussed in Sec. 2.2. The type and diameter of the injector also does not affect the similarity, except in the immediate vicinity of the injector.
Comparison with Eulerian-Lagrangian Models
In the present work the previous model based on measurements of spout heights is theoretically justified by comparison with the equations for the Eulerian-Lagrangian models. From this one might conclude that these latter models are the "gold standard" against which others must be measured. This is not necessarily true because to implement them empirical parameters, which are difficult to measure, are required. To clarify, the work of Sheng and Irons 18, 21, 32, 33) will be used because their Eulerian-Lagrangian modelling was carried out in conjunction with careful measurements of liquid velocity, bubble velocity, bubble size and void fraction to comprehensively assess how well the model works. In the mathematical model the following coefficients or empirical data were required 21, 32) ; a brief description of how it was handled is also given:
• Bubble size; input to the model based on photographic measurement, see the description of break-up below.
• Vertical drag coefficient; measurement of the difference in liquid and bubble velocity allowed calculation of the drag coefficients which were close to those for the same size single bubble. • Horizontal drag coefficient, assumed to be the same as the vertical one.
• Lateral lift coefficient; measurement of the radial vertical liquid velocity gradient along with the lateral displacement of the bubbles allowed calculation of the lateral lift coefficients.
• Information on bubble break up and coalescence; observations of bubble break-up were converted into a stochastic function for the probability of break-up, and used in the code.
• The single phase k-e model for turbulence with its coefficients; the standard ones were used.
• Modifications to the k-e model for two-phase flow; extra terms in the k and e conservation equations were added, following the work of Simonin and Viollet. 34) Coefficients were adjusted so that the turbulent viscosity was increased to bring the liquid velocity in line with the experiments. Thus, a large number of coefficients were required to make the model reproduce the experimental results. Of all the information, it was found that it was most essential to incorporate proper information on bubble break up and coalescence into the code. 21, 32) This is because large bubbles are not driven horizontally by lateral lift as much as smaller bubbles, which in turn influences the void fraction, gas velocity and liquid velocity distributions and plume diameter.
32) The stochastic functions mentioned above only pertain to Sheng and Irons' experiments. 18, 33) Furthermore, the modifications to the k-e model were taken from Simonin and Viollet, 34) and fitted to the experimental results of Sheng and Irons. Their general validity has not been assessed. Therefore, these Eulerian-Lagrangian models can be tuned to specific experimental results, but cannot be extended reliably to liquid metal systems because the type of experimental measurements carried out by Sheng and Irons 18, 33) cannot be performed in liquid metal systems (Laser Doppler Anemometry, Electrical probe and photography of bubbles).
The present model is also based on measurements; in this case, just the spout height and plume width. Therefore, the present model does not require any of the information or make any assumptions about the bulleted points discussed above; however, the spout height and plume width are a result of the bubble size, drag between bubbles and liquid, break-up and coalescence of bubbles, and turbulence in the two-phase region. The present model matches a wide range of experimental evidence, some of it in liquid metal systems, as Figs. 3 to 5 demonstrate. Nevertheless, there is some scatter in the data. Some of this is due to scatter within each study, due to the stochastic nature of bubble movement and measurement errors. Other scatter is between various studies, with the additional complication of differing measurement techniques and other experimental details. As discussed above, changes in bubble size have some influence on void fraction, and gas and liquid velocity, so it is reasonable that variation in bubble size due to uncontrolled factors such as surfactant contamination. With such inherent variation, it is not expected that any model could provide better agreement without fine-tuning parameters, such as bubble size distribution, to match individual experiments. Tuning these models to specific experiments undermines their general applicability. This is the dilemma of the more sophisticated models, such as the Eulerian-Lagrangian models. It is unrealistic to expect that these models will generate better general information than the present model. The present model is also much simpler to implement because it does not require computational fluid mechanics.
Applications to Process Design
The present plume model provides simple equations for the void fraction, plume radius and gas and liquid velocities. These equations are accurate enough to be used in preliminary design calculations in Ladle Metallurgy. Two examples will be presented.
The first is the calculation of nitrogen or hydrogen removal rates. The information on the gas velocity and void fraction can be used to calculate total bubble volume and bubble residence time in the steel. With an assumption of bubble size, the total bubble interfacial area can be calculated. It has been shown that single bubble mass transfer coefficients can be used for such calculations. 35) Therefore, the conventional mass transfer equations can be easily used.
The second example is the calculation of the liquid recirculation rate in the ladle that is important for homogenization of alloy elements and temperature. The equations for the plume radius (and therefore plume cross section area) and liquid velocity can be directly employed to compute the liquid circulation rate in the ladle.
The present approach is particularly advantageous for research and development because it shows that similarity can be achieved in water models, pilot and full-scale systems simply by maintaining the same Q*.
Conclusions
The paper presents some fundamental aspects of the fluid dynamics of unconfined gas-liquid plumes relevant to Ladle Metallurgy Operations. The main conclusions are:
(1) The one-dimensional, area-averaged, two-phase model for the plume gives the major plume parameters in dimensionless form:
(2) The model is justified by the conventional mathematical description of two-phase plumes that is based on the Eulerian-Lagrangian formulation. Models in the present framework are simpler to implement because they require fewer coefficients and do not require computational fluid mechanics.
(3) The present analysis justifies the proper form of the Froude similitude criterion in gas-stirred systems, i.e., the plume Froude number which is the basis for fluid dynamic similarity in gas-stirred ladles.
(4) The scale factors of the major plume parameters, based on Froude similarity, emerge from the present framework in a self-consistent manner. These are:
. . . ( *) ( *)
. .
Q z
(5) The modified Froude number, previously used to correlate the plume characteristics in gas-stirred liquid systems, does not reflect Froude similarity as relevant to plumes in Ladle Metallurgy. Instead, the plume properties are properly correlated to the dimensionless gas flow rate, Q*, which is fundamentally related to the plume Froude number, Fr P .
(6) Mathematical models consistent with the above framework, presented for the plume parameters, agree reasonably well with the data of several gas-liquid systems in a wide range of sizes.
(7) The analysis shows that the diameter or type of the injection device has little effect on the plume dynamics.
(8) The gas and liquid densities and liquid viscosity for inviscid liquids (such as liquid metals and water) do not affect plume dynamics. Note that in this analysis, the gas density drops out because it is much smaller than the liquid density. The liquid density drops out because it appears on both sides of Eq. (A2). Therefore, the momentum equation for the plume does not depend on the phase densities.
Appendix B Analysis of Bubble Motion in the Plume
In a Lagrangian framework, the equations of motion of an individual bubble, considering the effects of inertia, drag, pressure forces, added mass, buoyancy (z-direction) and lateral lift forces (r-direction), are derived, in the axial (z) and radial (r) co-ordinate directions, respectively, as 32, 36) : where C D and C L are the drag and lift coefficients, respectively, and S b is the size parameter representing the ratio of the cross-sectional area to volume of the bubble. In the above, the subscripts g, l and b stand for gas, liquid and bubble, respectively. Since the liquid flow inside the plume is predominantly vertical (U l Ͼ ϾV l ) and the liquid is much denser than the gas (r l Ͼ Ͼr g ), the above equations may be simplified: where k is a numerical constant.
